Periodic and solitary waves in systems of coherently coupled nonlinear envelope equations by Chiu, HS & Chow, KW
Title Periodic and solitary waves in systems of coherently couplednonlinear envelope equations
Author(s) Chiu, HS; Chow, KW
Citation International Journal Of Computer Mathematics, 2010, v. 87 n. 5,p. 1083-1093
Issued Date 2010
URL http://hdl.handle.net/10722/65604
Rights Creative Commons: Attribution 3.0 Hong Kong License
    
 1 
Periodic and solitary waves in systems of coherently coupled 
nonlinear envelope equations 
H. S. Chiu and K. W. Chow* 
Department of Mechanical Engineering, University of Hong Kong 
Pokfulam, Hong Kong 
* = Corresponding author 
Fax: (852) – 2858 – 5415;      Email: kwchow@hkusua.hku.hk 
AMS Classification: 35Q55; 35Q60; 37K10 
PACS Classification: 02.30.Jr; 42.65.Tg; 42.81.Dp 
Keywords: Coherently coupled envelope equations; Solitary waves; Elliptic 
functions. 
Submission date: March 14, 2009 
(Submission as an invited article for the Special Issue on ‘New Analytical 
Methods for Nonlinear Equations’;  
Guest Editors: J. H. He, M. Dehghan and A.M. Wazwaz) 
 
 
 
 
 
 
    
 2 
ABSTRACT 
 Exact solutions for two classes of coherently coupled nonlinear envelope 
equations are derived in terms of products of Jacobi elliptic functions. Physical 
applications are illustrated in the context of nonlinear optics, namely, 
polarization of light beams and quadratic (or parametric) solitons. Stabilities of 
these double humped solitary pulses are studied by direct numerical simulations. 
The usage of computer is crucial, both in terms of symbolic manipulation in the 
derivation process and in the implementation of numerical schemes in stability 
consideration. 
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1. Introduction 
 Vector solitons in multiple waveguides have attracted tremendous 
attention recently. While solitons can propagate over a long distance from a 
balance of dispersion and nonlinearity, coupling in two or more waveguides 
permits additional flexibility which generates a rich variety of phenomena. The 
main goal of this work is to present exact, periodic wave patterns for two classes 
of ‘coherently coupled’ envelope equations in terms of the classical elliptic 
functions. In a ‘coherently coupled’ system, the phase factors of wave motion in 
each individual waveguide are dictated by some constraints. In case where they 
are identical to each other, such systems will be termed ‘phase locked’. 
Nonlinear optics will be chosen as the potential field of application, and the 
examples cited will be described in that context.   
Two types of nonlinearities will be treated, namely cubic and quadratic 
ones. For cubic nonlinearity, coupled systems of nonlinear Schrödinger (NLS) 
equations, which are well established to be relevant in biology, hydrodynamics, 
optics and plasma physics, will be considered. For quadratic nonlinearity, 
parametric solitons in optical media where the second order susceptibility tensor 
is the dominant feature will be studied. 
(A) Cubic nonlinearity 
An intensively studied system of coupled nonlinear Schrödinger 
equations is 
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When the coefficient of cross phase modulation, σ, is unity, the resulting NLS 
system is integrable, and is then known as the Manakov model [1 – 10]. The ‘+’ 
and ‘–’ signs correspond to the anomalous dispersion (bright soliton) and 
normal dispersion (dark soliton) regimes respectively. Analytically the Manakov 
model is a system of incoherently coupled NLS equations as the phase factor of 
each component is invariant up to an addition or subtraction of a constant. 
Nevertheless, the Manakov model possesses many special noteworthy features, 
a good example being the presence of symbiotic solitons. When two or more 
channels or waveguides are present, nonlinear coupling may lead to modes 
which are otherwise forbidden in a single, isolated waveguide. A simple 
example is a pair of bright solitons propagating in a two–waveguide system 
consisting of one anomalous component and one normal component. These 
pairs will be termed ‘symbiotic’ here. One of our goals is to demonstrate that a 
‘bright – dark’ soliton pair can exist in a coherently coupled system when both 
waveguides are in the normal dispersion (dark soliton) regime. 
Coherent coupling can arise in the polarization of light beams, as the 
relative phase factors of the interacting electric fields there play a crucial role in 
the four–wave mixing process. In the terminology of optics, this coupling will 
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arise if the medium is weakly anisotropic or birefringent. The resulting model is 
a system of coherently coupled nonlinear Schrödinger equations,  
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where A, B are slowly varying envelopes of the electric field associated with 
two orthogonally polarized components [11 – 19]. The second derivative terms 
are associated with group velocity dispersion in the temporal domains but 
represent diffraction in the spatial context. Attention is placed here on the 
comparatively less intensively studied regime of normal dispersion (δ > 0 and 
negative sign in front of the second derivative), thus effectively concentrating 
on the temporal case. The difference in group velocities is assumed to be 
negligible. The terms involving γ and σ are related to the degree of 
birefringence and cross phase modulation respectively. The self phase 
modulation coefficients are scaled to be unity in both equations, but will deviate 
from one in waveguides / media with anisotropic properties [16, 17]. The 
coefficient of the four–wave mixing term, λ, will be selected to be λ = 1 – σ in 
the present optical setting.  
 For special values of the parameters (λ = 0, σ = 1, γ = 0), the system (2)           
reduces to (1). Indeed Manakov solitons can be observed in special 
configurations of the appropriate semi–conductor waveguide [19].  
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 In many calculations involving incoherently coupled NLS systems, the 
angular frequencies of each mode must be determined as part of the dynamics. 
The phase locked structures of these modes appear to reduce the degree of 
freedom by one in this system of two equations. However, the birefringence 
parameter (γ) participates in a nonlinear manner and supplies the missing link, 
i.e. γ will now be coupled to the amplitude and frequency relation of these 
nonlinear waves.  
(B) Quadratic nonlinearity 
The second example is the second harmonic generation in optical 
materials with χ(2) (or roughly, quadratic) nonlinearity [20]. Although rigorous 
mathematical proof of existence has been given [21], exact solutions will be 
calculated explicitly here in a simple manner by employing products of elliptic 
functions. Previous works place the focus mostly on asymptotic, variational, 
numerical or other approximation methods [22 – 25]. 
The plan of the paper can now be explained. Double humped solitary 
pulses for coherently coupled, cubic NLS equations are derived in the normal 
dispersion regime (Section 2). The stability properties are studied by numerical 
simulations (Section 3). Similar reasoning is applied to the case of quadratic, 
parametric solitons (Section 4).  
The present work will thus illustrate a very productive use of computers 
in mathematics, firstly in the symbolic manipulation involving elliptic functions, 
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and secondly in utilizing efficient numerical schemes in studying stability of 
nonlinear waves. 
 
2. Double humped solitary pulses  
Exact analytic solutions in terms of products of Jacobi elliptic functions 
[26, 27] can be derived by either direct manipulation with computer algebra or a 
‘tri–linear’ version of the Hirota method [6, 7]. One possible ‘dark – bright’ pair 
for the present configuration is 
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Simple manipulations show the appropriate limits for c to be 
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with the latter especially useful in the long wave limit. The ‘phase–locked’ 
angular frequency, Ω, and the degree of birefringence, γ, must be given by  
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respectively, with k being the modulus of the Jacobi elliptic functions. This set 
(equations (3 – 8)) is a family of exact solutions with two free parameters, r and 
k, which are roughly related to the amplitude and period of the wave 
respectively. A simple plot of the intensity of the profiles is illustrated in Figure 
1.  
 The long wave limit (k tending to unity) is 
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,)exp()(sech
3
223 2 tirxrB Ω−



−δ=                     (10) 
where the corresponding angular frequency and birefringence parameter are 
,
2
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,
2
2
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since sn, dn tend to tanh, sech respectively in this limit. 
 The waveguide A will display a double–humped (bright soliton) structure, 
while B will display characters of dark solitons. The intensity of B (|B|2) tends to 
a constant in the far field, but has two local minima in the near field. The 
waveguide A, B thus constitute a symbiotic pair. Some properties of the wave 
profiles relevant to stability consideration in Section 3 will be described more 
precisely here. The distance between the two peaks of |A|2 is 
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and thus the peaks of A are more closely packed as r increases.  
 
3. Stability 
 The stability of these solitary pulses (9 – 12) is now tested by direct 
numerical simulations. The exact solutions (9 – 12) plus a random noise of a 
few percent in amplitude will be used as the initial condition. Numerical 
methods for NLS systems have been studied earlier in the literature [28 – 30]. 
For the present problem, marching forward in time for system (2) will be 
performed with the split step Fourier method [31]. The spatial domain is chosen 
to be sufficiently large, i.e. roughly ten times the ‘full width half maximum’ of 
the pulses. 
 Although σ does not appear explicitly in (9 – 12), the time evolution of 
the solitary waves will depend on σ through the evolution system (2).  
(a) σ fixed, r varies: The parameter σ will be chosen to be 2/3, pertaining 
to the physically important case of linear polarization. These double humped 
pulses are more stable if the amplitudes are smaller, or equivalently, their peaks 
(equation (9)) are further apart, since that distance scales as 1/r.  Indeed for a 
relatively small value of r (r = 0.09), stable propagation can be observed up to 
around t = 300 (Figure 2). In contrast, on increasing r to 0.15, disintegration of 
the structure starts to appear around t = 200 (Figure 3).   
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 (b) r fixed, σ varies: In more complicated configurations, e.g. presence of 
anisotropy [16, 17], the self and cross phase modulation coefficients may 
change with the composition or orientation of the waveguide. No 
comprehensive study will be attempted here. Instead, as a simple example of the 
complexity, the change of the instability properties on varying the cross phase 
modulation parameter (σ) alone will be discussed. In general, the pulses are 
more stable as σ increases from zero to unity. For σ = 0.9, instability already 
starts to creep in at t = 200 (Figure 4). For σ = 0.75, the destruction of the pulses 
occurs much sooner (Figure 5). 
 
4. Solitons in a quadratic medium 
 In media where second harmonic resonance, or quadratic nonlinearity, is 
the dominant wave guiding mechanism, evolution equations with second order 
nonlinearity will arise. Derivations from the fundamental physical principles, 
such as the Maxwell’s equations, can be found in monographs on optical 
solitons [20]. A typical system is  
                                       0*2
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where roughly ψ is the second harmonic relative to the fundamental mode. We 
can thus proceed directly to the governing model of such ‘parametric solitons’: 
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In terms of optical physics, v and w are the slowly varying electric fields. The 
second derivative terms involving λ, µ again represent diffraction in the spatial 
context, but measure group velocity dispersion in the temporal domain. In the 
former case, both λ, µ will be positive while they can be of either sign in the 
temporal (optical fiber) situation. The quantity α represents a phase mismatch, 
and any difference in group velocity (or ‘walk off’ effect) has been ignored. The 
asterisk (*) denotes the complex conjugate and the system is thus driven by 
quadratic rather than cubic nonlinearity. Various isolated, exact solutions for 
solitary pulses in terms of hyperbolic functions can be found earlier in the 
literature [20], and are supplemented by various asymptotic and variation 
approximations.  
 The contribution here is to demonstrate that products of elliptic functions 
are again applicable in calculating exact solutions for (15, 16). More precisely, 
one particular solution is: 
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where sn, dn are the Jacobi elliptic functions with modulus k. This is a family of 
solution with two free parameters, r and k, which are related to the amplitude 
and period of the wave.  
 The parameter λ is constrained to be  
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while the phase mismatch parameter α is given by 
                                               ,)21(2 22 kr −µ=α                                                                           (20) 
and thus will change sign at k2 = 1/2.  
Obviously this formulation demands λµ < 0, and thus dispersion 
coefficients of opposite signs. Families of solutions for the regime λµ > 0 will 
be reported in a future work. Furthermore, stability of these pulses is a delicate 
issue [20 – 24] which must be addressed using direct numerical simulations in a 
another future study. 
 
5. Conclusions 
 Two classes of coherently coupled nonlinear Schrödinger equations, with 
either cubic or quadratic nonlinearity, have been solved in terms of products of 
the classical Jacobi elliptic functions. Hyperbolic, trigonometric and other 
special functions have been employed extensively in the exact and numerical 
solutions of nonlinear equations [32 – 34]. Nonlinear optical configurations, 
more precisely, polarization of light beams and solitons in quadratic media, have 
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been employed here as illustrative examples. The usage of computer is 
important in the symbolic manipulation and the numerical schemes in stability 
studies. Whether this same set of techniques involving elliptic functions can be 
applied to other coherently coupled envelope equations [35, 36] will be subjects 
of future research. 
    
Acknowledgements 
Partial financial support has been provided by the Research Grants 
Council contract HKU7120/08E and HKU 7118/07E. 
 
References 
[1] M. Florjanczyk and R. Tremblay, Periodic and solitary waves in bimodal 
optical fibers, Phys. Lett. A 141 (1989), 34 – 36. 
[2] N. A. Kostov and I. M. Uzunov, New kinds of periodic waves in birefringent 
optical fiber, Opt. Comm. 89 (1992), 389 – 392. 
[3] F. T. Hioe, Solitary waves for N coupled nonlinear Schrödinger equations, 
Phys. Rev. Lett. 82 (1999), 1152 – 1155. 
[4] V. M. Petnikova, V. V. Shuvalov, and V. A. Vysloukh, Multicomponent 
photorefractive cnoidal waves: stability, localization and soliton asymptotics, 
Phys. Rev. E 60 (1999), 1009 – 1018.  
    
 14 
[5] K. Nakkeeran, Exact soliton solutions for a family N coupled nonlinear 
Schrödinger equations in optical fiber media, Phys. Rev. E 62 (2000), 1313 – 
1321. 
[6] K. W. Chow, Product and rational decompositions for theta function 
representations of nonlinear periodic waves, J. Phys. Soc. Jpn. 69 (2000), 1313 
– 1321.  
[7] K. W. Chow, Periodic solutions for a system of four coupled nonlinear 
Schrödinger equations, Phys. Lett. A 285 (2001), 319 – 326.  
[8] N. N. Akhmediev and A. Ankiewicz, Multi–soliton complexes, Chaos 10 
(2000), 600 – 612.   
[9] J. K. Yang, Suppression of Manakov soliton interference in optical fibers, 
Phys. Rev. E 65 (2005), 036606 (10 pages). 
[10] H. J. Shin, Multisoliton complexes moving on cnoidal wave background, 
Phys. Rev. E 71 (2005), 036628 (10 pages).  
[11] K. J. Blow, N. J. Doran, and D. Wood, Polarization instabilities for 
solitons in birefringent fibers, Opt. Lett. 12 (1987), 202 – 204.  
[12] M. V. Tratnik and J. E. Sipe, Bound solitary waves in a birefringent optical 
fiber, Phys. Rev. A 38 (1988), 2011 – 2017. 
[13] S. Wabnitz, E. M. Wright, and G. I. Stegeman, Polarization instabilities of 
dark and bright coupled solitary waves in birefringent optical fibers, Phys. Rev. 
A 41 (1990), 6415 – 6424. 
    
 15 
[14] N. N. Akhmediev, A. V. Buryak, J. M. Soto–Crespo, and D. R. Andersen, 
Phase locked stationary soliton states in birefringent nonlinear optical fibers, J. 
Opt. Soc. Am. B 12 (1995), 434 – 439.  
[15] S. Wabnitz and J. M. Soto–Crespo, Stable coupled conjugate solitary 
waves in optical fibers, Opt. Lett. 23 (1998), 265 – 267.  
[16] D. C. Hutchings, J. M. Arnold, and D. F. Parker, Stationary mixed 
polarization spatial solitons and their stability in semiconductor waveguides, 
Phys. Rev. E 58 (1998), 6649 – 6658. 
[17] R. R. Malendevich, L. Friedrich, G. I. Stegeman, J. M. Soto–Crespo, N. N. 
Akhmediev, and J. S. Aitchison, Radiation related polarization instability of 
Kerr spatial vector solitons, J. Opt. Soc. Am. B 19 (2002), 695 – 702. 
[18] M. Delque, G. Fanjoux, and T. Sylvestre, Polarization dynamics of the 
fundamental vector solitons of isotropic Kerr media, Phys. Rev. E 75 (2007), 
016611 (10 pages). 
[19] A. Villeneuve, J. U. Kang, J. S. Aitchison, and G. I. Stegeman, Unity ratio 
of cross to self phase modulation in bulk AlGaAs and AlGaAs/GaAs multiple 
quantum well waveguides at the half band gap, Appl. Phys. Lett. 67 (1995), 760 
– 762. 
[20] Y. S. Kivshar and G. P. Agrawal, Optical Solitons: From Fibers to Photonic 
Crystals, Academic Press, San Diego, 2003. 
    
 16 
[21] A. C. Yew, A. R. Champneys, and P. J. McKenna, Multiple solitary waves 
due to second harmonic generation in quadratic media, J. Nonlinear Sci. 9 
(1999), 33 – 52.  
[22] D. Mihalache, F. Lederer, D. Mazilu, and L. C. Crasovan, Multiple humped 
bright solitary waves in second order nonlinear media, Opt. Eng. 35 (1996), 
1616 – 1623.  
[23] H. He, M. J. Werner, and P. D. Drummond, Simultaneous solitary wave 
solutions in a nonlinear parametric waveguide, Phys. Rev. E 54 (1996), 896 – 
911.  
[24] A. C. Yew, B. Sandstede, and C. K. R. T. Jones, Instability of multiple 
pulses in coupled nonlinear Schrödinger equations, Phys. Rev E 61 (2000), 
5886 – 5892.  
[25] A. D. Boardman, K. Xie, and A. Sangarpaul, Stability of scalar spatial 
solitons in cascadable nonlinear media, Phys. Rev. A 52 (1995), 4099 – 4107.  
[26] M. Abramowitz, I. Stegun, Handbook of Mathematical Functions, Dover, 
New York, 1965. 
[27] D. F. Lawden, Elliptic Functions and Applications, Springer, New York, 
1989.  
[28] Q. M. He and L. S. Kang, Schwarz algorithm for nonlinear generalized 
Schrödinger systems – Complete discrete problem, Int. J. Comp. Math. 59 
(1996), 209 – 225.  
    
 17 
[29] M. S. Ismail and S. Z. Alamri, Highly accurate finite difference method for 
coupled nonlinear Schrödinger equations, Int. J. Comp. Math. 81 (2004), 333 – 
351.  
[30] Y. M. Samrout. New second and fourth order accurate numerical schemes 
for the nonlinear cubic Schrödinger equation, Int. J. Comp. Math. 84 (2007), 
1625 – 1651.  
[31] V. Rastogi, K. S. Chiang, and N. N. Akhmediev, Soliton states in a 
nonlinear directional coupler with intermodal dispersion, Phys. Lett. A 301 
(2002), 27 – 34. 
[32] X. W. Zhou, Y. X. Wen, and J. H. He, Exp–function method to solve the 
nonlinear dispersive K(m, n) equations, Int. J. Non. Sci. Num. Sim. 9 (2008), 
301 – 306.  
[33] A. M. Wazwaz, Exact solutions for the ZK – MEW equation by using the 
tanh and sine–cosine methods, Int. J. Comp. Math. 82 (2005), 699 – 708. 
[34] T. Tajvidi, M. Razzaghi, and M. Dehghan, Modified rational Legendre 
approach to laminar viscous flow over a semi–infinite flat plate, Chaos, 
Solitons & Fractals 35 (2008), 59 – 66. 
[35] P. B. Lundquist, D. R. Andersen, and Y. S. Kivshar, Multicolor solitons due 
to four wave mixing, Phys. Rev. E 57 (1998), 3551 – 3555. 
[36] R. A. Sammut, A. V. Buryak, and Y. S. Kivshar, Bright and dark solitary 
waves in the presence of third harmonic generation, J. Opt. Soc. Am. B 15 
(1998), 1488 – 1496.  
    
 18 
  
Figures captions 
(1) Figure 1: Intensities of the waveguides A and B in (3) and (4), |A|2 and |B|2 
versus x and t, r = 0.2, δ = 1/2, σ = 2/3 (linear polarization), k = 0.5.  
(2) Figure 2: Intensities of the double humped bright and dark pulses in 
waveguides A and B in (9) and (10), |A|2 and |B|2, versus x and t, r = 0.09, δ = 
1/2, σ = 2/3. 
(3) Figure 3: Intensities of the double humped bright and dark pulses in 
waveguides A and B in (9) and (10), |A|2 and |B|2, versus x and t, r = 0.15, δ = 
1/2, σ = 2/3. 
(4) Figure 4: Intensities of the double humped bright and dark pulses in 
waveguides A and B in (9) and (10), |A|2 and |B|2, versus x and t, r = 0.2, δ = 1/2, 
σ = 9/10. 
(5) Figure 5: Intensities of the double humped bright and dark pulses in 
waveguides A and B in (9) and (10), |A|2 and |B|2, versus x and t, r = 0.2, δ = 1/2, 
σ = 3/4. 
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